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ABSTRACT

The axiom SAD was introduced in our paper with Avraham and Shelah [1]. It is
a Martin’s Axiom type of principle, having some of the consequences of MA
plus 2% >N, but nonetheless provably consistent with GCH. In [1] it was shown
to be consistent (with GCH) and used to demonstrate the consistency with CH
of some known consequences of MA + 2% > N,. In particular, SAD implies the
negation of Jensen’s O principle. In this paper we present a generalisation of
SAD, let us call it SAD(E), where E will be an arbitrary stationary subset of w,,
and show that although SAD(E) implies the negation of G(E), it is consistent
with O. SAD(E) resembles the axiom SA of Shelah, described in our survey
article [2], and indeed is a sort of blending of the two principles SA and SAD.
(In particular, Shelah proved that SA is consistent with O but implies the failure
of some O(E).) Our proof (of the consistency of SAD(E) with O) will be of
interest to forcing enthusiasts, since it shows that iterated Souslin forcing can
distinguish between different stationary sets (it was previously thought that this
was not the case), and can indeed be used to establish the non-provability of the
principles O(E) from < alone.

§1. Introduction

We commence by describing an axiom. We need some of the definitions from
our joint paper [1]. (But be careful if you have [1] available: we change some of
the definitions slightly.)

A tree is a poset T =(T,=y) such that for every x in T, the set £ =
{yeT l y <rx} is well-ordered by <. The order-type of x is the height of x in
T, ht(x). The a’th level of T is the set T, ={x € Tlht(x) =a}. We set
Tla =g, Ts. The height of T is the least A such that T, = &, and is denoted
by ht(T). A branch of T is a maximal, totally ordered subset of T; if a is its
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order-type it is an a-branch. An antichain of T is a pairwise incomparable
subset of T.

A tree T is normal iff:

(i) ht(T) is a limit ordinal;

(i) f a<B<ht(T)and x €T,, thereisa y € Ty, x <ry;

(iii} if &« < ht(T)is a limit ordinal, and if x, y € T, then £ = y implies x = y.

A subtree of a tree T is an initial section of T with the induced ordering. If T
is normal, a normal subtree of T is a subtree of T which is a normal tree of the
same height as T. A full subtree of a normal tree T is a normal subtree, S, of T
such that x €S, and x <ry € T,., implies y € §.

As usual, ) denotes the set of all non-zero countable limit ordinals.

Let ECQ. A tree T is E-complete iff, whenever 8 € E, § <ht(T), every
S-branch of T{ & has an extension in Ts.

Let E C Q. An array of filters on E is a collection D = {D,,; ' a€E &fE w}
such that D, is a countably complete filter on w”.

A function tree is a normal tree, T, of height w, such that T, consists of
elements of w* and the ordering of T is inclusion. A function tree T is
appropriate for the array filters D = {D,; [ a€E & fEws} on E iff:

(i) T is (2~ E)-complete;

(ii) if « € E and f € T q, then there is a set A € D, ; such that whenever
h € A i1ssuch that fCh and (VéE <a)(h[¢€T), then h€T;

(i) if « € E and W C Tl « is a full subtree of T [ «, then for any f € W and
any set A € D, ; there is h € A such that fCh and (Vé<a)(h]EE W)

Let SAD(E) denote the conjunction of the following statements:

(i) E is a stationary subset of (;

(i) E is constructible;

(iit) GCH;

(iv) Every constructible cardinal is a cardinal;

(v) For every cardinal «, cf(x)=cf"(x);

(vi) Every countable sequence of ordinals is constructible;

(vii) If D is a constructible array of filters on E, then every function tree which
is appropriate for D has an w,-branch.

The axiom SAD of [1] is just SAD(2). Hence SAD clearly implies SAD(E)
for every constructible, stationary set E C Q. The main interest in SAD(E) lies
in the fact that one may simultaneously have SAD(E) and O(Q — E) (although
SAD(E} implies ™1 O(E)). We shall prove this by an iterated forcing argument
of the Jensen type described in [3], but being careful to distinguish the stationary
sets E and (21— E). (If E contains a club set, then SAD follows easily from
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SAD(E), so the only new part involves the case where (- E) is also
stationary.)

Throughout the paper we work in Zermelo-Fraenkel set theory, inclusive of
the Axiom of Choice, and denote this theory by ZFC. Our notation is standard.
Ordinals are the von Neumann ordinals, an ordinal being the set of its
predecessors, and cardinals are initial ordinals. We use a, 8,7, to denote
ordinals. The initial ordinals are denoted thus: w, w,, w,, - - - ; and 8, denotes w,
regarded as a cardinal. a® denotes {f[f:B —a}, and we set a = U,.,a”

The reader will find the paper hard going without a copy of our book [3] to
hand. §2 presupposes an available copy of our paper [1]. A considerable
acquaintance with forcing is assumed, as in, for example, Jech’s book [4]. If T is
a tree, BA(T) denotes the complete boolean algebra of all regular open subsets
of the poset (T, =) (with the usual topology), isomorphed so that T is a dense
subset of BA(T). It should be borne in mind that the boolean ordering in BA(T)
goes the opposite way from that of T.

§2. Applications of SAD(E)

The main purpose of this paper is to show that the non-probability of O(E)
from ¢ can be established by a Jensen style argument as in [3], and that an
SAD-type axiom can be obtained which is fairly close to the axiom SA. (Readers
familar with SA will have observed that SAD(E) is very similar indeed to SA(E)
as defined in our article {2].) Accordingly, we show first that SAD(E ) implies the
negation of O(E).

2.1 THEOREM. SAD(E)— —1O(E).

Proor. Consider the following formulation of G(E): there is a sequence
{f. la € E), such that f, € ®* and whenever f € 0, the set {a € E lf[a =f.}
is stationary.

Assuming SAD(E), we prove the above version of O(E) fails. Let (f, l a €E)
be given, f, € w°. We find an f € @* such that f[a# f. for all « € E.

Let T ={f € 0l ] (Va € ENfdom(f)+ 1))(f ] a # f.)}. It is easily verified that
T is a function tree. (A simple diagonalisation argument shows that every
member of T has arbitrarily high extensions in T.)

If T has an w,-branch, B, we are done, since then if f = UB, we have f € 0
and (Va € E)(fl a# f.). So by SAD(E) it suffices to show that T is appropriate
for some constructible array of filters on E.

We now place ourselves in L. We define an array of filters on E. Let « € E,
f € @ Foreach h € % let A, = {g € " | g # h}. The collection {A, Ih € w”}
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clearly has the countable intersection property (if h, € ", n =1,2,3,-- -, then
M., A, # D). So let D, be the filter generated by all countable intersections
of sets A, h € w°, D.; is a countably complete filter. This defines the array
D ={D.;|a €E, f€ w®}.

We return now to the real world, and show that T is appropriate for D. Notice
that by condition (vi), T is a subset of L.

(i) Clearly, T is (Q— E)-complete.

(i) Let « €E, f€ T|a. Now, the function f, is in L. Hence A; € D, ;.
Clearly, if h € Ay, and fCh and (Vé<a)(h[¢€E€T), then heT.

(i) Let a €E, WC Tla a full subtree of T{a, fE W, A € D,;. Pick
functions h, €Ew® n=1,2,3,---, so that nl,Ahn C A. Since W is closed
under immediate successors (of which there are infinitely many in T at each
point), it is easy to construct, by induction, a strictly increasing sequence
(g« | n < w) such that g, € W, sup,., dom(g,)= e, and g.# h., with f C go.
Setting h=U,..g., we clearly have he,. A, CA, fCh,
(Vé <a)(h[£E W).

The proof is complete. O

The above argument is just a relativisation to E of the proof that SAD implies
—1C. In a similar manner one can relativise the applications of SAD given in [1].
In particular, SAD(E) implies that every w-colouring of every ladder system on
E has a weak uniformisation. (See [1] for the relevant definitions.) This
highlights the similarity between SAD(E) and SA(E), for SA(E) implies that
every w-colouring of every ladder system on E has a uniformisation. In these
applications, the interest is once again in the fact that the result holds in the
presence of <, and can be established by Souslin forcing.

§3. Rich sequences and Souslin forcing

In this section we describe how to make one rather special instance of
SAD(E) true whilst preserving <. In the ensuing section we show how this
process may be iterated in order to achieve our desired result.

We assume the reader has a copy of [3] to hand. (Our account is structured so
as to be readable alone, but we refer to [3] for some of the proofs and individual
verifications.) The following definitions are described more fully in [3].

A Souslin tree is a normal tree, T, of height w,, such that:

(i) [Tol=1;

(i) f x&€ T, thereare y, 2 € Tour, y# 2, x <1y, x <12;

(iii) every antichain of T is countable.
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A Souslin algebra is a complete, (w,)-distributive boolean algebra of
cardinality N, which satisfies the c.c.c. B will be a Souslin algebra iff there is a
dense set T C B, 0 & T, such that (T, =B) is a Souslin tree. Any such T is called a
Souslinisation of B. Any Souslin algebra has essentially only one Souslinisation,
in the sense that if T, T’ are Souslinisations of B, then for some club set C C w,,
a€C->T,=T,.

Let B, B’ be Souslin algebras, B a complete subalgebra of B'. The canonical
projection h : B'— B is defined by h(b') = As{b € B' b'<g b}. Wesay that Bisa
nice subalgebra of B’ iff there are Souslinisations T, T’ of B, B’, respectively, such
that for some club set CCw,, «a € C— T, = h[T!]. The “uniqueness” of
Souslinisations mentioned above tells us that if such T, T’ can be found, the
result holds for any choice of T, T".

A sequence (N, '01 € E) is said to be rich iff:

(i) N, is a countable transitive model of ZFC™;

(i) « €N, and N, F “«a is countable”.

(i) if X CH, is such that a<w,—|XNV,|<N, then the set
{a €EE IX N V., € N, } is stationary in w,.

The existence of a rich sequence is easily seen to be equivalent to the
combinatorial principle O(E). v

We fix now a stationary, co-stationary set E C (). We assume both O(E) and
O(f) - E). We fix rich sequences (N, ] o € E)and (N, [ a € - E). We also fix
a sequence (S, Ia € E) such that S, C H,,N V, and whenever X C H,,, is such
that @ < @;—|X N V., |<N,, the set {« EE | X NV, = §,} is stationary.

The following lemma (and its corollary) is standard, and easy to prove.

3.1 LeMMA. Let B be a Souslin algebra, or more generally any complete
0
Boolean algebra which satisfies the c.c.c. Let CE€ V™ be such that

0
[ C is a club subset of &,|* = 1.
Then there is a club set K C w, such that

IKCCP=1.

3.2 CoroLLARY. Let B be as above. If S C w, is stationary, then
IS is stationary |® = 1.

A Souslin tree, T, will be said to be tubby at « € Q iff every a-branch of T [ «
which lies in N, has an extension in T..
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The following lemma will be used to preserve O()— E) when we force to
make SAD(E) hold.

3.3 LEMMA. Let C C w, be club, and let T be a Souslin tree which is tubby at
every a in (0— E)NC. Set B=BA(T). Then

I{N. | € Q= E)" is a rich sequence [° = 1.

PROOF. Suppose the lemma is false. Then by the maximum principle we can
find elements X K of V® such that:

v [

IXCH: & (Va <@)(| XN V.| =Ro[=1;
0

| K is a club subset of &, =1;

0 0 v
[(3a EK)[a E(Q-E) & XN V. EN ][ <L

(Since B is (w, ©)-distributive, |H,, = H?,

|=1)
. 0
By 3.1 we can find a club set A CQ such that |A C K[|=1. Let

v 0 v
b=[(Aa€A)a €E(@Q-E) & XNV, EN.]|.

By the above, b < 1. We obtain a contradiction by showing that b = 1. Since T is
dense in B, it suffices to show that

—lpET|phr(Ja€A)aE@-E) &XNV.EN,]}

is cofinal in T.

Let po€T be given. Set T'={pET lpo =.,p}. T’ is thus a Souslin tree.
Now, since B is (w, ®)-distributive, for each p € T’ and each a < w, we can
find a ¢ € T', p <rq, such that for some set x CH, NV,

qIF“XﬂV X7

For each p € T! pick some maximal antichain A, of extensions of p which

decide Xﬂ V. in the manner. Since T’ is Souslin, each A, is countable. Hence
we can define a function p : w;— w; by

p(a)=theleast 8 > a suchthat A, CT'[B forallp € T..
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Let
B={A€Q|(Va <A)(p(a)<A)}
B is clearly closed and unbounded in w,.
Now, if A € B and p € T{, p is comparable with some member of A, for every
q <zp. Hence p will decide )0(0 Vi.

Set D =A NBNC, aclub subset of w,.
Now, we may clearly assume that T’ has domain w,. Define a relation
ng|><an><H,‘,‘ by

0
R(Apx)oAEB&PpET &phr“XNV; =",

Consider the structure % = (H,,, £, T’, R). By recursion, define a chain (%, l v<
w,) of elementary submodels of ¥ as follows:

Ao, <A is countable;

A,., <A is countable with A, U{A,}CUA,,,;

A = U, ., U, if lim(r).

Each %A, will, of course, be transitive. Hence a,=w, N, € w,, and
(a,

By richness, pick an ordinal «a €@~ E)N D such that a, =a, T'[a =
T'Na,and T'la, RN(aXa xV,), BNa EN,.

We now attempt to carry out a construction in N,. Since « is countable, pick a
strictly increasing sequence (y, | n < w) of members of B, cofinal in a. Pick
po€T, and x.€ V,, so that R(Yyo, po,Xo). By induction, pick p..,€T,,,,,
Pr <tPns1, aNd X1 € V., Xo C Xns1, 5O that R(Yns1, Pasty Xns1). Set X = U ey X

Returning now to the real world, notice that because 9, <%, the above
construction was indeed possible. Now, (p. |n < w) defines an a-branch of
T’ «. But the branch is in N,. Hence as T is tubby at every member of
Q-E)NC, there is a p’€ T, such that p’ extends each p,. But then
p'lkr “)O(ﬂ V: =X, so as we have x € N,, it follows that p'If—T“)O(ﬂ Vi:EN;".
But @ € A N (Q - E), so this means that p’ € S, and the proof is complete. O

An array of filters D = {D, ; , a €E & f € w*} on E is said to be principal if
each filter D, , is principal.

v < wy) is a strictly increasing, continuous sequence of ordinals in w,.

The following lemma provides the means by which we shall be able to iterate
in order to make SAD(E) hold.

3.4 Lemma. Let C C w, be club, and let T be a Souslin tree which is tubby at
every ain (Q—E)NC. Let D ={D,; , a € E & f € w2} be a principal array of
0
filters. Let B =BA(T), and let TE V® be such that
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[¢] v
| T is a function tree which is appropriate for D ||° = 1.

Then there is a Souslin tree, T, such that, setting B=BA(T):
(i) for some club set C C C, T is tubby at every « in (—E)NC;
(ii) B is a nice subalgebra of B;
(iii) H% has an &,-branch [P = 1.

Proor. The proof is an adaptation of the proof of 3.2 in [1]. We construct T
to be recursion on the levels, simultaneously constructing a strictly increasing,
continuous function y : @, — w:. The elements of T, will be pairs (x, f) such that
xETyy, [fEw®* and x Frf € ’(I)"’. The ordering of T will be
X =r(x,fYex =rx" & fCf'. The construction will be carried out so as to
preserve the following conditions:

(M If (x,f)e T, and a <B and x'E€ T,,), x <+x’, then for some f'Df,
w.eT

I If (x,f)eT., and x'€ Tyu+1, x <rx’', then for each n € w, either
x’ﬁ-T“fU{(ﬁ, aje ’;’” or else x'Ikr“f U{(H, &)} & %”;

(1) If x € Ty, and W ={f | (3x' =7x)[(x’, f) € T}, then x Ik “W is a full
subtree of %[(o? +1)”.

Defining h : T— T by h(x, f) = x, h induces (see [3]) a complete embedding e
of B into B=BA(T) for which h is the restriction of T of the canonical
projection. (This uses (I) above.) It follows at once that, up to isomorphism, B is
a nice extension of B. This will give us part (ii) of the [emma. From now on we
concentrate entirely upon the construction of T and properties (i), (iii) of the
lemma.

We may assume that T has domain ,. To commence the construction, we set:
To ={(x, D) l x € To};

v(0)=0.

Now suppose that T, y(a) are defined. For each (x, f) € T. and each n € o,
let A, ;. be a maximal pairwise incomparable set of extensions x’ of x in T such
that either x'Fr*f U{(, @)} € T” or x'F+“f U{(% &)} € T". Since T is Sous-
lin, each set A, ;, is countable. So we may define y(a + 1) to be the least
y > y(a) such that for all (x,f)€ T. and all n € w, A,;.C Tly. For each
x.fle T. and each x'€ T ., Wwith x <rx', and for each n€ w with
$' b f U @) € T, put (¢, f U{(n a)}) into Toer (to extend (x,f)). This
definition clearly preserves conditions (I)-(III).



376 K. J. DEVLIN Israel J. Math.

Now suppose that « € E and we have defined Tla, yla. Set y(a)=
SupPs<a ¥ (B). Let xo € T,y Set

W(xo)={f|(3x <rx)[(x, ) E T T}
By condition (III),

0
(a) Xolbr “W(x,)" is a full subtree of TTa”.

- v 0
Let (x,)E Tla, x <rxo. Then xok+“fE T, s0 as

[l Tis appropriate for D [P =1,
we have
(b) xobr“ifh D f&he ND.; & (Ve<a)(h1£€T), thenh € T,
But because ||70" is appropriate for D [®=1, (a) gives
(¢) xok“thereish D fsuchthath € M D, and (V€ <a&)(h[¢ € W(xy)") .

Now by (c) there must be an hDf, h€E MD.;, such that (V& <a)
(h 1 £ € W(x0). Then by (a) and (b), xobr “h € T".

Setting U (xo) = {(x, f) ] x<rxo&(x,fYET ' a} now, if U(xs) N S, is cofinal in
U(x,) (under =7), then to each pair (x, f) € U(xo) N S. we pick an h as above
and put (xo, h) into T.. And if U(xo) N S. is not cofinal in U (x,), then to each
pair (x, f) € U(x,) we pick an h as above and put (x,, h) into T.. Do this for each
Xo in T, It is easily seen that this defines T, to preserve (D-(I11).

Finally, suppose « € Q- E and Tlea, yla are defined. As before we set
v(a) = supg<a y(B)- Let x € T, ), (X0, fo) € T I a1, xo <rx. Using property (I), an
easy induction produces a sequence ((x.f.)| <w) such that
Xo<rx1<1X:<r - <rx and foCfiCfC-- and (x,f)ET | a. Then

0 O
Xolbr “{f. | n < w)* determines an &-branch of T”. So, as ||T is (- E)"-

0 ~
complete|® =1, xoF“U,<.f.' € T Let f = U, f.. Put (x, f) into T... Do this
for all x € Tywy, (%0, fo) € T1a, xo<rx. If, in addition, a = y(a)€ C, then
whenever {((x., f.)

y < a) is an a-branch of T [ a which lies in N,, we let x be
v <a)in T,wandset f = U,.f. and put (x, f) into

the unique extension of {x,
T.. Since H’})" is (Q— E)"-complete|® =1, xIFT“fE'i)‘”, so this is in order. It is
easily seen that this defines T. to preserve (1)-(I11).

The definition of T is complete. Let € = C N {« ’y(a) = a}. It is immediate
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now that T is tubby at every a in (2 — E)N C. And it is easily seen that || T has
an @&-branch|® = 1. It remains to verify that T is Souslin.

Let A be a maximal antichain in T, andset A ={u € T I (Fa€ A)(a =+u)}.
A is cofinal in T. For each (x,f)€ T, let E.; be a maximal pairwise incom-
parable subset of the set

x'eT|x<x' & @3f 20, fHEA].
Since T is Souslin, E,; is countable. Let
K={a€C|Tla=TNV, &MVxf)ETIa)E.;CTla)k

K is clearly closed and unbounded in w,. So by O(E) we can pick ana € KN E
such that ANTla =S§,.

Let xo€ T,. Let (x, f) € U(xo). Pick f, 2 f with (xo, fo) € T... Since A is cofinal
in T thereis an (x', f') € A extending (xo, fo). Since E. ; C T | @, we cannot have
x'€E, ;. So, as (x', f") extends (x, f) it must be the case that for some x" <rxo,
x"€ E, . Pick f"D f so that (x", f") € A. Then (x", f") extends (x, f), lies in S.,
and is a member of U(x,). Thus S. N U(x,) is cofinal in U(x,).

Hence, by construction, every member of T. extends a member of A. Thus
A=ANTla and A must be countable. That completes the proof of the
lemma. O

§4. Proof of the main theorem

In this section we describe how to iterate the forcing described in §3 in order
to obtain the consistency of SAD(E) and O(Q1— E). We adapt the iteration
technique of Jensen described in [3]. We assume the reader still has his copy of
this book to hand, and shall refer to it constantly. As before, E C{} will be a
fixed stationary, costationary set.

We assume V = L. This implies the existence of a sequence (N, [ € Q) such
that:

(i) N, is a countable transitive model of ZFC~;

(ii) ¢ €N, and N, F “«a is countable”;

(iii) if X C H,, is such that @ < w,;—[X N V.| =N,, then there is a club set

CCw,suchthat a€C—-XNV,EN,.
Notice that (N, [a € E) and (N, [a € Q) — E) are both rich sequences in the
sense of §3. (The existence of a sequence (N. [a € Q) as above is, of course,
equivalent to the combinatorial principle O*.) By V =L, we also may fix a
O-sequence (S, [a € E) of the kind described in §3. Also as a consequence of
V = L, there is a (J-sequence: that is, a sequence (A, l)« < @, & lim(A)) such
that for all limit ordinals A < w,:
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(i) A, is a closed unbounded subset of A;

(ii) cf(A)=w —otp(A,) < w;

(iii) cf(A) = w, = opt(A,) = wy;

(iv) if a € A, and @ =sup(A, Na), then A, = A, Na.

We fix some bijection ¢ : w; X @; X w, <> w, such that ¢(a,B,y)= a, B, vy for
all a, B, y. Let i, j, k be the inverse functions to ¢.

We define a sequence (B,
(i) Bo=2;
(i) 0<v < w,—B, is a Souslin algebra;

v < ) of complete boolean algebras such that:

(i) 0< v <7 <w,— B, is a nice subalgebra of B..
The definition is by recursion on ». As it proceeds we define Souslinisations T*
of the B, and club sets C,, C,., 0 <1 <y, such that:
(iv) T is tubby at every a in (- E)NC,;
V) a€C,=>[T'la=T"NV, & T'la=T"NV, & T.=h,[Tl]),
where h,, : B, — B, is the canonical projection.
By GCH, there are N, principle filter arrays. Let (D, l a < w,) enumerate them.
For each a, we shall set

0 i}
X. ={T€ V®|| Tis a function tree|* = 1}.

4]
We fix an enumeration (T**¢ lg < w,) of X,.
7= ) is defined. Let a =i(v), B =j(v), y = k(v). If

Suppose {B.

[¢] v
| T is appropriate for Dg ||® = 1,

(4]

we obtain T**', B,.,, C,.; from C,, T*, D, T*” in the same way that T, B, C
were obtained from C, T, D, ’;‘ in 3.4. We let C..,.., be any club set with
a€Cuy,>h, [T:"|=T and set C,ry.. =C,.1., NC,, for 0<r <.

If | T is appropriate for Dp[* <1, we set T**'=T", B,.,=B,, C..,= C,
Conn=Q,and Cosy ., =C, for0<r<w

Now suppose we have defined (B,

v < A) where A is a limit ordinal cofinal
with w. Let 8 = otp(A,), and let </\(V), v < 8) be the canonical enumeration of
A,. Notice that § = A and 6 < w,. We define T* (and B, ) from (T**| v < 9).

SetC = nv<,<s[Cm),m,— 6] U {0}. Let (¢, | v < w,) be the canonical enumer-
ation of C and define C, , = {a lca =a}for 0<v <A

Set G, = (M., i) N Ci.

For all @ < wy, Tt = h [ T27) for each v < r < 6, so we may define




Vol. 31, 1978 ITERATED SOUSLIN FORCING 379

T*={x=(x|v<o)|Ay<w)(r<->x, €TV &
& v <1 <O—x, = hiene(X)))
Partially order T* by
x=*y o (Ve <)z, =poy,)

It is easily seen that (T*, =*)isatree, withx € T o (Vv < 8)(x, € T.").

We define T* C T* by recursion on the levels. To commence we let Ty be the
minimal element of T*. In general we shall have T C T*..

Suppose T* [ (a + 1) has been defined. We define T.., as follows. For each
triple (v, y,x)with v < 8, x €T,y € T!, x, Epwy,let s = s(v,y,x)E Tk, be
such that x =* s and s, = y. (The existence of such an s is demonstrated on p. 90
of [3].) We put one such s(», y, x) into T%., for each triple (v, y, x). The actual
choice of s(v, y, x) is irrelevant except when @ =0 and ¢, € E and

(*) forall v < 6,y € T.! there is a pair{r,z) € S,, such that 7 = v,
7<0, zET" ¢y, and hyoney(z) E pory.

In this case we select s(v,y,x) so that for some (r,z)€ S,,, z € T*”] ¢, and
Z=EpomS,.

That defines T,., completely, except when a=0 and ¢ €
Q- E)n(N,.,C..,), when we enlarge T} as follows. Suppose (T*| v < 8),
(Raen [ (T*PTe)| v < 8) € N, that (y(v)| v < 8) is a strictly increasing sequ-
ence of ordinals cofinal in ¢,, which lies in N,,, and that (x,

v < ) is a sequence
with x, € T3 and v <7 < 0 > x, E120 Ay aeX-), also lying in N,,. Suppose
further that for each v <8, (hamau(X,)| v <7 <8) defines a c¢,-branch of
T*®}¢c,. Since T is tubby at c,, there is a unique point x* in T’ extending
v < 8)E T, We put each such sequence (x ’L‘f v<6)
into T, That completes the definition of T.., in all cases.

this branch. Clearly, (x %

Now suppose that T* [ « is defined, where lim(a ), and we wish to define T;.
For each triple (v, y,x) with v <8, y € T2, x € T*| @, and x, =y, pick

Ca

some s = s(»,y,x)E TXsuchthat x =*s5,5, =y, and {x' €T [a |x'=*s}is an
a-branch of T | @, and put this into T (That such an s can always be found is

proved in [3], p. 91.) The actual choice of s is irrelevant except when

(**) c.=a€E, and S, CT"[a, and for every (v,y,x) there is an
x'€ S, with v, y, x" related as v, y, x are related, and x =*x’".

In this case we select s(v, y,x) so that x'=*s(v, y,x) for some x' € S..
That defines T. completely except in the case o € (- E)N C,. We then
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enlarge T, to include an extension of each a-branch of T* | « lying in N,. Since
each T*® (v < @) is tubby at a, each such branch will have an extension in T%,
so there is no problem in doing this. That completes the definition.

Weset T* = U, .., T* I a. Clearly, T* is a normal tree of height w,. The same
argument as in [3], pp. 92/93 now shows that T* is Souslin. (Condition (**) above
was designed to ensure that T* would have no uncountable antichain. The only
difference between the proof in [3] and the one needed here is that in {3] we have
a O-sequence, whereas here we have a O(E )-sequence. But this makes only a
minor difference to the proof.) And it is clear that T* is tubby at every « in
Q-E)NnC.

Finally, suppose (B,

v < A)is defined where A is a limit ordinal cofinal with
w.. Set B, =U,.,B,. We find a Souslinisation of B,. This will prove, in
particular, that B, satisfies the c.c.c., and hence is complete. Our proof will also
show that B, is a nice subalgebra of B, for all » <A.

Let <)\(v)l v < w,) enumerate A,. Define club sets B, C w,, v < w,, as follows:

Bozﬂ,

B...=B, N [ ﬂ C\(T),A{u)] N [ m CA(T).A(v+l)] N

T<r

B, = N B., if lim(y).

s <y

Since B2 B2 -2 B, 2 (v < w;), we can pick a strictly increasing, con-
v < w,) so that B, =0 and B, € B, for all » < w,. Then,

tinuous sequence (3,
for all v < w,

) Iy .
y<y—T V1B, =T NV, ;
. (v) A7)].
v=r<y—->T5"=hioawlTs"l;
A(v) A(y+1)
v=y T =higaamlT .

By+1

By recursion, define sets T, CB,, v < w,, as follows:

T, ={1};
T .= T:ii,:l);
B B ) ‘()
T.=3 A x| AN x,>0& v<a—-x, €T &
v<a v<a

&vEr<a-—»x = hA(r).A(»)(xf)} , if lim(a).
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Set T = U,.., T.. T is clearly a normal tree of height w, which is dense in B,.
The same argument as in [3], pp. 94-96 shows that T is Souslin. (Condition (*) in
the definition of successor levels of T*®, v < w,, was designed to ensure this, as
the reader familiar with [3] will have already realised.) The argument on p. 96 of
[3] also shows that if we set

C..={a lﬁﬂ =g}, for v<A,

then h,,[T.] = T. for all @ € C,,, so B, is a nice subalgebra of B,, all v <A.

We must define C, and show that T* is tubby at every member of
C,N{EQ-E).

Let K=C.iN{«a ’a € Myea Cip} N{a [A(a) is a limit point of A, and
a = otp(Ais@)}- K is a club set.

Let H be a club such that for all « € H,

(TN | v < a),(hrmam (T Ta) v <1 <a),

<BV

Let C, =K NH. Let a € (Q— E)N C,. We show that T* is tubby at a. Notice
that A;\(a) = A,\ N )\(a), and that Otp(A,\(a)) = .

Recall the definition of T*. T*“ consists of certain sequences x =

(x.

v<a)EN,.

v < a) such that for some y € C,
(V < Y —> X, e Ti(V)) & (V <7< Y — X, = h\(.,.)';\(,,)(x.,)),

where C = (MN.c.za [Cooprm— a]) U{0).
Let {c, | v < w,) be the canonical enumeration of C. Since a =g, € B, =
Mzrca Cagnnen, @ € C. So as 0€ C and C N a = {0}, we must have a = c,.
Now let (x,|v<a) be an a-branch of T*la, lying in N.. Then »<

a—>Xx,,,E T;i:rl) and vr<7<a— X, ér*("”)h,\(,+1),,\(v+1)(x.,-+1). But a €

M, <. C..). so by construction of T2*> = T2, (x,.,| v < a) has an extension, x,
), 1y

v < a) in T,. The proof is complete.
v<w,). Let B=
U.-.,B.. Since B will satisfy the c.c.c., it is a complete boolean algebra.

in T2*, Clearly, x extends (x,

That completes the construction of the sequence (B,
Moreover, B will be (w, ®)-distributive, since each B,, v < w,, is. We complete
our proof of the main theorem by proving the following lemma.

4.1 LEMMA.
0 o@-E)P=1,
(i) [SAD(E)|]* = 1.

Proor. Notice first that by 3.2, | E and (@ — E)” are stationary|® = 1.



382 K. J. DEVLIN Israel J. Math.

(i) It suffices to show that for all v < w,, »=[ But T" is a
Souslinisation of B, which is tubby at every element of C, N (2 — E), so this

follows from 3.3.
(ii) Suppose ||[SAD(E)|® <1. Thus for some D € V, D a filter array on E,

[}
[SAD(E) holds on D |® < 1. By the maximum principle, we can find a T€ V®
such that

0 v

(@) | T is a function tree appropriate for D |*=1;
0

(b) || T has an @-branch|®<1.

0
Pick 8 < w, with TE V®_ 1f D ={D, ;| a € E & f € w?}, well-order D, ; by
(A} € <w,). Let E,; be the set of all ¢ < w, such that

., 0 . 0
|if fET, and if fCh e(A)", and if (Vn <a)(h!ln€ET),
0 v
then h €T, and ¢ is least for which this occurs|[®s > 0.
Since B; satisfies the c.c.c., E,; is countable. Set

A= N Ay
| €Eof
Since D, is countably complete, A*’ € D, ;. Let D/, be the principal filter
generated by A*'. Let D'={D/,|a €E & f€ wv} D’ is a principal filter

array. For some 8 < w,, D' = Dg. For some v < w,, T T‘ *.Letv=¢(8 8 v)

[
By construction of B,.,, || Thas an &,-branch([*+' = 1. This contradicts (b) above,
and so completes the proof. (The other clauses of SAD(E) are, of course,
immediate.) O
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